MABUCHI AND AUBIN-YAU FUNCTIONALS OVER COMPLEX 
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Abstract. In this paper we construct Mabuchi functional and Aubin- 
Yau functionals I* Y , l 7 [ ^ Y on any compact complex three- folds. The method 
presented here will be used in the forthcoming paper [5] on the construction 
of those functionals on any compact complex manifolds, which generalizes the 
previous work [4]. 
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1. Introduction 

Mabuchi and Aubin-Yau functionals play a crucial role in studying Kahler- 
Einstein metrics and constant scalar curvatures. How to generalize these func- 
tionals from Kahler geometry to complex geometry is an interesting problem. In 
[4], the author solved this problem in dimension two and proved similar results in 
the Kahler setting. By carefully checking and using a trick, we can construct those 
functionals on any compact complex three-folds. Moreover, the idea in this paper 
will be used in the forthcoming paper in which we deal with higher dimension cases. 

1.1. Mabuchi and Aubin-Yau functionals on Kahler manifolds. Let (X,oj) 
be a compact Kahler manifold of the complex dimension n. then the volume 



(1.1) 



V u := 



2 
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depends only on the Kahler class of lu. Let V u denote the space of Kahler potentials 
and define the Mabuchi functional, for any smooth functions ip' , ip" € V^, by 

(1-2) £^ Kahlc >V') '= i- f I VKA 

Vol Jo JX 

where ipt is any smooth path in V u from ip' to ip". Mabuchi [7] showed that ()1.2p 
is well-defined. 

Using (|1.2p we can define Aubin-Yau functionals as follows: 

(1.3) ^ Y ' Kahler M = ± [ a#, 

v u J Z 

(1.4) ^ Kahlcr M = -£^ Kahlcr (0,^) + ±- [ <pu n . 

V ul Jx 

So Aubin-Yau functionals are also well-defined. 

However, if uj is not closed, then the above definitions do not make sense. Hence 
we should add some extra terms on the definitions of those functionals. These extra 
terms should involve doj and 8lj, but, the essential question is to find the structure 
of the extra terms. In the next section, we will answer this question. 



1.2. Mabuchi and Aubin-Yau functionals on complex three-folds. Through- 
out the rest part of this paper, we denote by (X, g) a compact complex manifold 
of the complex dimension 3, and U) the associated real (1, l)-form. Let 

(1.5) := {ip G C°°{X)*\u v :=uj + sf^iddy > 0} 

be the space of all real- valued smooth functions on X whose associated real (1, 1)- 
forms are positive. 

For any cp' , ip" € 7\, , we define 



Jo Jx 



— J j :-!\ - 1<U- {i)y~, ■ si) /■ jc- ill 



1 



uj JO JX 
1 



(1.6) + — / / 3V^Tduj A (dipt ■ (ft) A u) Vt dt 

Vui Jo JX 

- — j j dipt A dipt A did A dipt ~ \ [ d<p t A dipt A duj A dipt 

Vui Jo JX uj Jo Jx 

where {<pt}o<t<i is any smooth path in Vui from ip' to ip" . Our first result is 

Theorem 1.1. The functional (1.6\) is independent of the choice of the smooth 
path {ip t }o<t<i in V u . 

For any ip £ Vu> we set 

(1-7) £™(ip):=£™(0,ip). 

Then we have an explicit formula of (ip) : 
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Corollary 1.2. One has 

t%to) = 

(1.8) 



4K 



E 

i=0 
1 

E 



i 3 



i=0 



A 



2K 



^uA A lj 1 - 1 A V^l9w A dip 



u jx 



i + l 



2V, 



ipd 1 Au> 1 A \f-\doj A 9</j. 



Now we define Aubin-Yau functional I^ Y , J^ Y for any compact complex three- 
fold (X,uj): 



(1.9) 



3 

2V uJx 



ipujp A y—ldui A <9<£ 



3 
2^ 



ipu> A A dtp 

/ ipcj^, A %/— l<9w Adip + { tpuj A v 7 — 19a; A 9<p, 
2Kj 2\4j Jx 



(1.10) 



3 

2K, jx 
— / 



CM 



w J A 



^7- / A V — 19cj A <9(p — — — / ipm A V — ldto A dip 



*u> JX 



tpuj v A yj—lduj A dip + 



2V U 



ipuj A yj—ldw A dip. 



w JX 



An important result is 
Theorem 1.3. For any ip € V^, one has 

3 



(1.11) 
(1.12) 

In particular 



l^z (<p)-Jw(<p) > o, 



AY, 



< J^to) < l^ Y to), 
\rt Y to) < l£ Y (lp) < AJ^ Y (tp), 

\rt Y to) < \rt Y to) < if to) -rt Y to) 

< \lt Y to) < 3J£ Y to). 

1.3. Volume estimate. For any compact Kahler manifold the volume (jl.ip de- 
pends only on the Kahler class, but, this fact doesn't hold for the general compact 
Hermitian manifolds. To understand the change of volumes for compact Hcrmitian 



4 
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three-fold (X,w), the author [4] introduced three quantities associated to uj: 

(1.13) Err^) := f oj n - [ W £, 

(1.14) SupErr u := sup (Err w (p)), 

(1.15) InfErr w := inf (Err w (w)). 

where V® — {<p € 'P w | supjj- y = 0} is the normalized subspace of P u . In any case, 
we have 

(1.16) InfErr^ < < SupErr w < / u/\ 

It implies that the quantity SupErr w is bounded, but the quantity InfErr^ may not 
have a lower bound. Notice that the lower boundedness of InfErr w is equivalent to 
the upper boundedness of sup^g^o f x w™. We can ask a natural question [BJ: 

Question 1.4. Under what condition (weaker than the Kahler condition) , the quan- 
tity 

(1.17) sup / u n v 

JX 

is bounded from above? 

Remark 1.5. (1) In [4 the author showed that if ddui = die A dui = 0, then 
the volume J x itf^ does not depend on the choice of the smooth function ip G V u ■ 
Consequently, J x cu™ = J x u> n for any function ip G V u , which gives an affirmative 

answer to Question ] In the surface case, we can only assume ddui = 0. 
(3) Let (X,u>) be a compact Hermitian manifold of the complex dimension 2. By a 
theorem of Ganduchon [2], there exists a smooth function u, unique up to a constant, 
such that 

(1.18) dduG = 0, lug ■= e u u). 

V. Tosatti and B. Weinkove 9 showed that (TTfy is bounded by j x (2e u - infxU - 
1)lo 2 from above. 

Using the idea in [5] we can show that, under a suitable condition, InfErr w is 
bounded from below when n = 3 and, consequently, (| 1 . 1 7[) has an upper bound. 

Theorem 1.6. Suppose that (X,g) is a compact Hermitian manifold of the complex 
dimension 3 and ui is its associated real (l,l)-form. If ddui = 0, then InfErr w is 
bounded from below. More precisely, we have 

(1.19) InfErr w > 3 (l - e 2 osc(M) ) • J 

Here u is a real-valued smooth function on X such that loq = e u - co is a Gauduchon 
metric, i.e., dd(u>Q) = 0. In particular 

(1.20) / u 3 < sup f ul < (3e 2 osc(u) - 2) / u 3 . 
Jx <p<£V° Jx v ' Jx 

Another interesting question [BJ is 



to 3 . 
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Conjecture 1.7. For any compact Hermitian manifold (X,cj), one has 



(1.21) inf / > 0. 

Remark 1.8. (1) When uj is Kahler, for any smooth function ip € J> Ul we have 
Ix w £ = Ix Hence Ix K = Ix w ™ > °- 

(2) In [5], £/ie authors confirmed Conjecture \1.7\ for n = 2 provided that u satisfies 
sup x (u) — infx(u) < log2. More precisely 

(1.22) inf [ w" > / f 2e"- sup *(" ) - l) > 0. 
vev» J x v J x \ J 

We can prove Conjecture 11.71 for n — 3 provided that a similar condition holds 
for u. 

Theorem 1.9. Suppose that (X,g) is a compact Hermitian manifold of the complex 
dimension 3 and to is its associated real (1, l)-form. We select a real-valued smooth 
function u on X so that e u ■ U) is a Gauduchon metric. If 

13 — 

osc(w) = sup(tt) — inf(u) < - • In-, ddu = 0, 
x x 2 2 

then 

■1 



(1.23) inf n / uj 6 > / u A > 0. 

Ix Jx 



2. MABUCHI FUNCTIONAL ON COMPACT COMPLEX THREE-FOLDS 

Let (X,g) be a compact complex manifold of the complex dimension 3, and w 
be its associated real (1, l)-form. In this section we define Mabuchi £jf functional 
and prove the independence of the choice of the smooth path. As a consequence, 
we give an explicit formula for £jf . 

Let <p' , ip" £ V u and {pt}o<t<i be a smooth path in from <p' to ip". We define 

(2-1) C° u (v',<p") = ±- f [ <pt<4 t dt. 

Vuj Jo JX 

Set 

(2.2) ip(s,t) := s ■ tpt, 0<s,t<l. 

Consider a 1-form on [0, 1] x [0, 1] 



(2.3) f / 



dip 3 \ j ( f dtp 
Taking the differential on 9°, we have 



k ds V J \J X dt 



d^° = 1° -dtAds 
where the quantity 1° is given by 
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As in j4] we simplify 1° in two slightly different ways. Directly computing shows 



x I 



d2qp .A + S^a^OM^ 



dtp 

at 

dtp 

ds 



r9V 3 1 ^A3^,Av^Taa[^ 



dsdt 

dtp 2 . 
3-c^A 



at 



A" 



AV _ h)T )l _ 



at 



as 



Notice that the last two steps are the differential expressions for 1°. Using the first 
expression, we have 



1° = 



dtp 



[dtp 



x 



ds 



\ dt 



dtp 



[dtp 



x 



dt 



x 



dtp 



ds 



-n f dtp 



dt 



-SV^ld -^t4 A a + / -3V^W (A A9Uf 



A 



\ ds 
dtp 



dt 



dtp 



ds 



-3V-1 



x 



-3V-1 



x 





^dtp\ 


K ds) 




'dip\ 


K dt) 



2 dtp 
2 dtp 

J * + "aT v ' ' 



A' 



(2.5) = 
Similarly, we have 
7° 



-av> 



-n ( dtp 



A 



(2.6) 



3 g<4 a v^iaa 
r a^> 



V at 

a^ 
at 



6V -lg-w^, A duj A 5 ( — ) + / — 6v — 1— w v A 3w A d 



-a^ 



A 



at 



a^y 
as" 



A 



-laa 



a<i- 
as" 



avA 



' x ds 
Therefore, from (|2~5|) and f[2~6|) it follows that 
21° f fdtp\dtp 

I x d {m)^ 

' dtp\ dtp 



-dtp 



( dtp\ 



6v / -l^. Aa W Aa(^l+ / 6V-l^AflwAfl(-£) 



A 



6V-1 

(2.7) 

Next we define 
(2.8) 



at 

a?/>\ a?/> 



\ds J dt 



aw^a9w- / a 



a?/>\ a?/> 



x \dt J ds 



\dsj 

Aw^A aw 
Aw^A aw. 



ai • aw A w yt A (a^ 4 • <^ t )dt, 



(2.9) 



f 



ui Jo JX 
1 



a 2 ■ dui A w v , t A (d^t • ft)dt. 

uj Jo JX 

Here a\ , a 2 are non-zero constants and we require a\ — a 2 . Similarly, we consider 

SO ^)]ds+[J x a ^ du:^^^{d(^ 

dtp \ \ i ft ^ / / a-0 



* 2 



A 



aiaw a a ^a 
c^aw a a (a 



a* 



at 



dt. 
dt. 
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Therefore 



d* 1 = I 1 -dtAds 



where 
I 1 -- 



d 

x dt 



0x : ( |jj ) 



d_ 

x 1 ds 



' ( ^ ( ) • 



Consequently, 



ai 



v "at 



dt' \ds 



A oty A dui 



+ 
+ 

+ 



ds 
dip 
~dt 



Jx 

[ 

Jx 

r dip 

Jx 

L 



A-^ldd ( ^ 



dt 



d_ 

, x ds 

Auj^f, Adu 
A City A dui 
A du 



A uty A dui 



dtp 

~dl 



' \ dt 
ip ■ d 



■d 



dip 
ds 



dip 
~ds~ 



A V-ldd 

A uji/j A du; 
A -V^ldd 



dip 
dt 



x 



-"if] A 



-Idd 



(dip 
\ds 



A du 

dip_ 
x ds 

A du 
A dui. 



■d 



dt ) 



I A City A duj 



In the same fashion way, we have 

d$> 2 = I 2 ■ dt A ds, 

where 



- = [-% 

a 2 Jx dt \ds 

+ [ ip-d 
Jx 

+ [ ip-d 
Jx 



A City A 



a , f dip -{dip 



A City A dui 



dip_ 
ds 
dip_ 
~dt 

To simplify notation we set 



A V^Tdd 
A -V^Wd 



dip 
97 



A dui. 



,2.0, A /^(g) A *, A -^-u»(^) 

,,n, B : - /^(^^(g). 



Using the above symbols gives 
I 1 



ai 



x 



gj^ -p. (dip 
dt' [ds 
dip 
~ds~ 



A oty A <9u; + 
A uty A 9w + / 



A' 



dip_ 
ds 



■d 



d 



dip 
~dt 
dip 
dt 



A city A du + A + B, 
A uty A du + A + B, 
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and the last two terms can be determined completely as follows: 



dip 



A dcu 



dip 



+ 



L 
L 
L 

-V^TdiPAdujAdf^-) Ad(^ 



dt 



f dip 



-n f dip 



dip A d Uf- + ip ■ 3d Uf- 



• ' A 7) ( ~rr- 

dt 



x 



dt 



(2.12) 
(2.13) 



Ad 
Ad 



= -B+ [ -V^Tdip A duo A d 
Jx 

Adding the term B on both sides we obtain 

A + B = I -V^ldip A da; Ad 
Jx 

A + B = I V^Tdip Aduj A d 
Jx 

The final step is to introduce 

(2.14) Clbp'rf') ■= TT [ [ a 3 dip t AdwAdip t Adip 

Vlo Jo Jx 



dip_ 
ds 
dip 

~ds~ 



dip 
dt 

3ip_ 

~dt 



(2.15) 



== TF 



a^d (pt A duj A dipt A d<pt, 



x 



where a 3 , a 4 are non-zero constants determined later and we require 03 = a 4 . Con- 
sider 



ty 6 = 



+ 



* 4 = 



a^dip Aduj Ad 



df^AdiP 



\ 3s 



/ a 3 dijj A duj A d 
Jx 



a^dip Adoj Ad 



x 



a 4 dip Adoj Ad 



x 



dip_ 
~ds~ 
dip_ 
dt 



A dip 
A dip 



ds 
dt, 
ds 
dt. 



We take the differential on ^ 3 and 'J' 4 , and these differentials can be written as 
d* 3 = / 3 • dt A ds, d* 4 = I i -dtAds 
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where 



-L 



i = 



d 

x dt 
d 
ds 
d 

x dt 



/ a 4 

J x 



d_ 

ds 



dtp A duj A d 
dtp A duo A d 
dtp A duj Ad 
dtp Adoj Ad 



dtp 

~ds~ 

dtp_ 

~dt 

dtp_ 

ds 

dtp 



A dtp 
A dtp 
A dtp 
A dtp 



Calculate 



i - /J<£)^K£) A * + " A * ,A *(5s) A '* 



+ dtp A du Ad 



d( d -f\Ad( d -± 



\ ds 



dt 



x 



dtp\ 



ds J 



d[^-)Adu;Ad[^-)AdtP + dtPAdujAd 



dt 



■sf d 2 tp 



dsdt 



A dtp 



+ dtp A did Ad 
-d 



- ( dtp\ — ^ dtp 
Ad 



x 



dtp 
~dt 



dt 
Ad 



+ 2 / dtPAduAd 
Jx 

'dtp 



+ 

Similarly, 

CL4 



x \0t 
2 (A + B) 



-fr ( dtp 



Ad 



dtp 
ds 
dtp 
~ds~ 
dtp 
~ds 



ds 

A dus A dtp - 
A duj A 'dtp 



x 



+ d 



x 



df\ 

ds J 



/dtp 

\ ds 



Ad 



Ad 



dtp 
~dt 



dtp 
~dt 



A did A dtp 



A duj A dtp 



7 M ^ ) A d ( |^ A dod A dtp + I i) I — ) ' * — ] • T U: 



dt 



(A + B). 



ds 



x 



dtp 
ds 



dtp 
dt. 



If we set 



dtp_ 
dt 



Ad 



fdi 

\ds 



AdtdAdtp + J d (jjp^ Ad(^ 



'dtp 
~dt 



A dui A dtp, 



then those two terms have the shorted expressions: 



I 3 2 I 4 — 2 — — 

-=H + —=(A + B), - = H + ^=(A + B). 
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On the other hand, directly by definition, we have 



H 



A duj A dtp 



A 



A duj A dtp 



A9 -r- 



d 



x 



d A du> A dtp 



ds J 



4r+ d 



r dtp 
Jx dt 
d_tp_ 
v dt 



dd 


'dtp\ 


K ds) 


dd 


'dtp\ 


K dsJ 



dtp 
dt 

~a i ~x ( ^ 



X 



AdduAdtP 



- /J-Kt) Aa " A ^-/J- a (s) A « 



~dt 



■d 



dtp_ 
ds 



A dto 



A dtp 



L 



dtp 



Ad 



dtp 
~dl 



A duj A dtp - 



dt 

dtp 

~dl 



■d 



■d 



x 



dtp_ 

~ds~ 
dtp 
~ds~ 



A dduj A dtp 
A ddu A dtp 



r dtp fdtp_ 

Jx dt ' {ds 

= ( dtp A du Ad 
Jx 



A ddu; A dtp 
Ad 



dtp 
~ds~ 



dtp_ 
~dt 



Taking the complex conjugate gives 
U 



r dtp_ 

Jx dt 



Hence 

n + n 



dtp 

~ds~ 



dtp Aduj Ad 
x 

A + B A + B 



A ddu A dtp - 



f dtp -^(dtp 
Jxdt' \ds 



A ddu A dtp. 



dtp 
ds 



Ad 



+ 



dtp 
~dt 

(A + B) - (A + B) 



dtp Aduj Ad 



x 



dtp 

~ds~ 



Ad 



Consequently 
21° P_ 
ai 



a 2 



+ (A + B) -(A + B), 



dtp" 
dt. 



dtp" 
~dt. 



6V^T 

— + — = H + H + —!= [(A + B)- (A + B)] = 3V^T[(A + B)-(A + B)} 

0-3 0-4 — \J — 1 

it follows that 

1° 1° I 2 1 H 3 I A " 



or 



-1 ai 
3^ 



a i 



a-2 



T 7l 3 



fl.3 



O4 



«2 



a 3 a 4 
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Selecting 

a\ = — 3v— T, <22 = 3v— 1, as = a4 = — 1 

we deduce 

(2.16) 7° + I 1 + I 2 + I 3 + I 4 = 0. 

Theorem 2.1. ITie functional 
1 ^ 



w Jo JX 
1 



K 
l 

K) Jo 
l 



3-\/— 19w A (9(/?t ■ (ft) A i^ip t dt 



x 



(2.17) + — / / 3V=lBwA(fl&-¥» t )AWp t <fc 



i r 1 /■ „ , „ i rl 



, 9<p t A A9wA 9^4 — — / dipt A d(p t A 9w A 9<p4 
Jo j x Jo « 

is independent of the choice of the smooth path {(ft}o<t<i in V Ul where ipo = ip' 
and <f i = if" . 

Proof. It immediately follows from (|2.16p . □ 
Corollary 2.2. For any <p € V u one has 



.-_n J^ 



v 

(2.18) - E^ / K Awl " A ^ A ^ 

i=o ^ 
i 



^ i + 1 /" 
E^TT - / ^ A w 1 "' A ^/^TSo; A 9^. 
l=0 ^ Jx 



Proof. In Theorem 12. II we take (p t — t ■ ip, then the last two terms vanish and 



i r 1 r , ,. i - 1 



£«fo>) = TT I -TT I I SV-lduj A (d(p ■ t(p) Aoj tip dt 

*u Jo JX v ui Jo 



V 



1 



3V — l9w A (9(^3 • tip) A uj t <pdt := J Q + J\ + J 2 . 

K»> Jo Jx 

Three terms are computed as follows by using the identity u)t<p = tuj v + (1 — t)u>: 
Jo = / / (p[tw v + (1 - t)ujfdt 

Vu Jo JX 



<pu* A u J 
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For Ji, we have 



1 



J i = —— J / SV^lduj A (dip ■ tip) A LJ ttp dt 
Vlu Jo Jx 



1 



1 ( _ 

3V-I3w A dip - tip A [tui v + (1 - t)u]dt 



u JO J X 



V UJX 



I 3y/—lip ■ duj A dip A ixs v ■ I i l dt 



1 



i 

Z^/ -lip ■ du A dip A u ■ I t(l-t)dt 



If, - If V^T 

= — — / V — 1<P • 9a; A dip A lo^ — — I — - — ip ■ doj A dip A oj. 
*u J X Kj J x 2 

Taking the complex conjugate gives the third term J 2 . □ 

Remark 2.3. (1) When (X,g) is a compact Kdhler three-fold, the functional H2.1]) 
or \2.18\) coincides with the original one. 

(2) The last two terms in \2.11ty may not be zero since dipt A dipt is not identically 
zero in general. For instance, take ip% — tip" + (1 — t)ip' ; then 

dipt A dipt = dipt A —dipt 
dt 

= {tdip" + (1 - t)Tpip') A (dip" - dip') 

= tdip' A dip" + {l-t)dip' A dip" = dip' A dip". 

If ip' = 0, then dipt A dipt = and hence, by taking the complex conjugate, dipt A 
dipt — 0. This is a reason why in the Corollary \2.2\ there are only three terms. 

Let S be a non-empty set and A an additive group. A mapping J\f : S x S — > A 
is said to satisfy the 1-cocycle condition if 

(i) M{cn,a 2 ) +N{(T2,o- 1 ) = 0; 

(ii) N{<n,a 2 ) +Af((T2,o- 3 ,)+Af{a- 3 ,a 1 ) = 0. 

Corollary 2.4. (1) The functional £jf satisfies the 1-cocycle condition. 

(2) For any ip £ and any constant C € R ; we have 

(2.19) £ M ( ^ + c) = c .^_Err^ 

In particular, if dduj = doj A dui = 0, then £^(ip, ip + C) = C . 

(3) For any ipi,ip 2 € Vu and any constant C S M, we have 

(2.20) C^{ip 1 ,ip. 2 + C)=^{ip 1 ,ip 2 ) + c(l- ErM ^ 2) 



In particular, if ddui — duj A doj = 0, then C^(ipi, ip 2 + C) — £^-(ipi, ip 2 ) + C . 
Proof. The proof is similar to that given in j4]. □ 
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3. AUBIN-YAU FUNCTIONALS ON COMPACT COMPLEX THREE-FOLDS 

Let (X, g) be a compact complex manifold of the complex dimension 3 and u> be 
its associated real (1, l)-form. We recall some notation in 4 . For any tp £ we 
set 



(3-1) XXiv) 



(3-2) J${<p) 



1 

V uJx 



- 1 rt" 3 -^), 



ds — 



ui JO JX 



£r I I <^(W 3 - ul v )ds. 



Two relations showed in [3] are 



2 

(3-3) \i%Av)-J$(.<p) = ^ [ <P(-V=ldd<p) 

^ *u J X _ . 



3=1 
1 



(3-4) ^Jt\M~^M = TF I <P(-V=ldd V )Aj2(2-j) 

Vu JX j=Q 



u 2 - J Awj. 



According to the expression of C^(ip), we set 



(3.5) 



(3.6) 



,_ n ^ Jx 



i=0 
1 



<=o ^ ^ 



Using (|3.3p we obtain 



1 



^Ei w2_JA < I A| -v - ] < AAA 

J'=l 



1 



-19 [ ^| w2 " j A ^ i < l r 
3 = 1 



1 

K, JX 



1 



3 = 1 



-lifY, J [(2 - jV~ J A3wA^+ w 2 ^ A jwj" 1 A cM A 
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setting i = j — 1 in the third term gives 



-T 



i ^i(2-j) 



— ldipAdipAu 'AwJ 

-lipuj l ~ J A dui A uj^ A dp 



3=1 
2 - 



w j— l 



1 x - j 

K^4 

2 — 1 



A 



-IdipAdtpAu 2 'Aw'+ — / cpcjp A V^ldu A 



A 



-199? Ad<pAu} 1 Aw 



2-j 



4VZ 



w J A 



(po; v A \f—\dw A dp + 



4K 



(poj A \A^l<9u; A 9<£. 



w J A 



To simplify the notation, we set 



(3.7) 

Therefore 
(3.8) 



C U] (p)) := — — / tpu v A y—ldw A dip. 
4Vw J A 



1 X -S J 



-ld<p A dtp A ul Auj 2 1 - ~A u (cp) + C u {tp). 



A 



On the other hand, using the slightly different method, we obtain (see IA.1[) 
(3-9) zZft(<P)-Jfi(<P) 



1 i 



A 



- ldip A dp A uj% A u?- 1 - ~B U (<p) + (p) 



where 
(3.10) 

Equations (|3.8I) and (|3.9I) implies 



(3.11) 



^(f) = -T7j- I ^pw v A -yj-ldw A dp. 



"u> JX 



i=l 



^ldp A dtp A w 1 A w 



2-i 



A 
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By the definition we have 



id JO JX 



(ipu 3 - puj 3 sip )ds 



IfUJ 



id Jx 



id Jo Jx 



'u JX 



v: 



id Jx 



If we define 
(3.12) 
(3.13) 
(3.14) 



£u>(<p) — 7T / ^ A v^lduj A dip, 

*Ld 



v <d JX 

1 

2K 



jx 



■Al(<p) = tt <fiu<P A -V^ldu A dip, 



then .A* (y?) + (ip) = Au {ip) and it follows that (see IA.1I) 

W$-z$(<p) = tT !>-')/ s^ldipAdip 

.—n JX 



A A w 



(3.15) 

Introduce 

(3.16) 
(3.17) 
(3.18) 



Fid{v) = tt I A -\f-ldu A dip, 



*u JX 
1 



ipuj A V— low A <9(£ 



w JV 



ru JX 



Kif) = tt I f^<p A V-lduj A dip. 



Then Bi(^) + B u (ip) = B u (<p) and hence (see [0)1 

AJ${ip)-l%{ip) = -L^(2-i)/ V=ld<p/\d<p 

(3.19) + 7L,(^) + aBi(^)-BS(v)- 

(l3~15l) and ([3~T^| together gives 



A uj 1 v A u' 



4^»-^M = ^X>-*)/ V=id<p/\d<p 



(3.20) 



2 



1(5 
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Now, we define Aubin-Yau functional over any compact complex manifolds as 
follows: 



+ a{Al(cp) + alAKcp) + b\Bl(<p) + l?M<p) 

(3.21) + c 1 C u {^p)+d 1 V ul {ip) + e 1 e u) {ip) + hF u {ip), 

+ a\Al (if) + a\Al {^) + b\Bl{v) + %B* (<p) 

+ c 2 C u ((p) + d 2 T> UJ (ip) + e 2 £u 1 {<p) + f2jFwdp), 

= Jfito 

+ {a\ - l)Al{y) + (a 2 2 - l)Al{ V ) + {b\ - 1)3^) + {b\ - l)B*ft>) 

(3.22) + c 2 C u (<p) + d 2 V u (<p) + e 2 £ u (<p) + f 2 F u (<p). 

Plugging ([3T2T]) and (pH2l into and (|3~TT|) . we obtain 



2 

(3.23) 2*** = ±- El / v^Ta^A^A W ;Ac 2 ->0 
4 V u , =1 4 J x 



and 



(3.24) 4^»-l,» = ^ / x -i<va^a4 '- 2 "' 



where we require that constants satisfy the following linear equations system 



(3.2:,) ^a\-{a\-l) = \, - {a% - 1) = i 

(3-26) |&i - (&i - 1) = ~ §6? - (61 - 1) = ~ 

(3.27) 7 rj. - r 2 --, -d, -r/ 2 = --, 

(3.2M '-, , ■ r, 0, 7/1-/2 = 0, 

1 

2' 
1 

2' 



-(4 


-1) 




-1) 


3 




4 C1 


- c 2 


3 




I 61 


- e 2 


-1) 


-0} 


-1) 


-b\ 


4c 2 


- Cl 


4e 2 


- ei 



4" 

(3.29) 4(4-1) -a] = -4, A{a\ - 1) - a? 

(3.30) 4(/4 -I)-/-! - -4. 4(6l - 1) - 6? 
(3.31) 

i>5.32i 4.-, - <• 1 _I, 4/s-A = -~. 
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(3.33) 


a\ 


= b\ 


(3.34) 


a\ 


= b\ 


(3.35) 


Cl 


= di 


(3.36) 


Cl 


= d 2 



The constants a\,b\, a, di, et and fi , calculated in Appendix B, are 

3 i ,x 3 
"2> «2 = b 2 = --, 

3 2 ,2 3 / 3\ 21 
-, at = hi = - 1 + - = — , 
4' 2 2 4 V V 16' 

-1, e 2 = h = -77. 

16 

, 1 
ei = A = -4. 

The explicit formulas for X^ Y (ip) and J^ Y (ip) are given in Proposition IC.ll and 
2] respectively. Namely, 

(3.37) l^ Y {ip) = r£r [ ^-^D 

Vu J X 

— — ^— I ipuJ v A v 7 — Tckj Adip — — ^— I tpuj A v 7 — 19w A 9</j 
2 214 Jjj- 

+ -^r- / A \/-Wuj Adip + -^r- [ <puiA \/—ldw A dip, 

(3.38) J^fc) = -£^ ) + _L f ^3 

— / <y9CJ v A v 7 — ~^duj A dip — — ^— { cpui A v 7 — ldu> A dip 

2>4j J x 214; J x 

+ I <puJ v A \J—\duj A dip + — ^— f ipuj A ^/—Xdu) A dip. 

214; J x 2V4 J x 

From (|3~231) . (|3~2I]) . (pOTj) and (|5^5]l . we deduce the following 
Theorem 3.1. For any ip G "P^, one has 

(3-39) |# Y foO > 0, 

(3.40) AJ^i^-lfip) > 0. 

In particular 

\l**{ V ) < J** (?) < 
\j£ Y {ip) < l^ Y (ip) < AJ^(ip), 

< |l**fcO < njj^). 

4. Volume estimates 

Let (X, g) be a compact Hermitian manifold of the complex dimension n and w 
be its associated real (1, l)-form. Define 

(4.1) V u := {ip G C°°(X) R |w v , := w + v 7 ^!^ > 0}, 
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and V® := |<y3 e V u sup x ip = 1. Consider the quantity 

(4.2) InfErr w := inf Enjip), 

where 

(4.3) Err^) := [ u n - [ w * 

Jx 

It's clear that InfErr^ < 0. But we don't know whether the quantity InfErr^ is 
finite. For n = 2, V. Tosatti and B. Weinkove |H) showed that InfErr^ is always 
bounded from below, using the existence of Ganduchon metrics on any compact 
Hermitian manifolds. If u; satisfies the condition (see [3], [9]) 

(4.4) dd(uj k )=0, k = l,2, 

one can show that the quantity InfErr^ = (see pQ, [3], or [5]). 
When n = 2, the condition (14.4)) reduces to 

(4.5) ddu) = 0, 

which is a Ganduchon metric; however, if n = 3, we can show that InfErr^, is 
bounded from below under this condition. 

Theorem 4.1. Suppose that (X,g) is a compact Hermitian manifold of the complex 
dimension 3 and uj is its associated real (l,l)-/orm. If ddu — 0, then InfErr w is 
bounded from below. More precisely, we have 

(4.6) InfErr w > 3 (l - e 2 osc (")) . J uj 3 . 

Here u is a real-valued smooth function on X such that ujq = e u - uj is a Ganduchon 
metric, i.e., <9<9(cjq) = 0. 

Proof. As in [9], page 21, we compute 



w 3 = / ,,.,3 
X JX 



(uj 3 + iuj 2 A V^lddip + 3wA (V^lddip) 2 ) 
(-2uj 3 + 3w 2 A (w + V^lddip) + 3uj A (V^lddip) 2 ). 



IX 

Since ddui — 0, the last integral vanishes, and hence 

.3^1 o, .3 



uj 3 < I -2uj 3 + f 3(e u ~ ia{x ^ui) 2 A (u + V^lddtp) 
x Jx Jx ^ ' 



-2uj 3 + 3 e 2(™ Px (u)-infx(u)) / w 3 

x Jx 



X 



-2w 3 + 3e 2 -° sc(u) f uj 3 = ^3 e 2 -° sc (") _ 2 



/x Jx v ' Jx 

From the definition of InfErr w , we immediately obtain 

InfErr w > J uj 3 - (3e 2osc(u) - 2) ^ w 3 = 3 (l - e 2 osc(u) ) 

where osc(u) := sup^-(u) — in£x(u). □ 



cj 3 
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Theorem 4.2. Suppose that (X,g) is a compact Hermitian manifold of the complex 
dimension 3 and uj is its associated real (1, l)-form. We select a real-valued smooth 
function u on X so that e w ■ uj is a Gauduchon metric. If 



13 — 

osc(m) = sup(w) — inf(u) < - • In-, ddu = 0, 
x x 2 2 



then 
(4.7) 



inf 



u>l> / w*>0. 
x J x 



x 



Proof. Using the similar procedure, we deduce 

uj 3 > ( 3 • e 2 ( infx ( u ) -suPx ("^ — 2 
x v ^ 

Since sup x u - inf x u < \ • ln|, it follows that 3 • e 2 ( infx «~ su Px «) - 2 > 1. 

Appendix A. Proof the identities (|3.8|) . (13.151) and (|3.19|) 
In Appendix A we verify the identities (|3.8[) . (|3. 15|) and (|3.19p . 



□ 



(A.1) ^(<p)-J^(<p) 



-i- / -V=I3 I ^V-' A 4 ] A ^ 



K, j v 
1 



3=1 



1 |^ A E^' 2iA 1 -'-'V 

3=1 



+ ^rj x -v 7 ^ E i i( 2 - j> 1_i A 9w A 4 + ^ A k -1 a 9 h a ^ 



3=1 



1 X -( I 

l—l 

vt 

3=1 
1 2 9 2 

— F- 

3 = 1 



V 



4 

i(2-i) 



-ld^Ac^Au^Aw 2 ^ 

-\/— Ttpw 1- ^ A lo j A duj A dp 



x 



x 



1 x ^ i 

2—1 



-l^w 2 ] Aw' 1 Adu Adip 



ldip Ad^p A uj 2 ~ 1 Auj\ + — -— 
-V^lVj 1 ^ A A du A dtp 



-lipcotp A duj A dp 



i=0 
2 



X 



1 



X 



-Wip A dip A uo z - 1 Awl- -B^p) + V u {p>) 
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which gives (|3.9|) . Calculate 



1 

V U J\ 



1 



3=0 
2 



/ V=1^A V(2-j> 2 - J ' A<4/\d<p 



+ ±- I V[(2 - jfu 1 -' A du A <j + (2 - j)ju 2 ^ A c^" 1 A dw) A dip 

v ui J X 



3=0 



1 2 /■ 

^ „-_n « 



Auj^Alj 2 1 



i=0 

1 



— V(2 - j) 2 / (ysw 1 ^' At^A \^-Jduj A 9</3 + r^y- I <pw A \f-ldu) A dip 
Vu) r-i Jx 



3=0 
2 



u JX 



^d^j A 9yj A cj^ A cj 2 ~ 4 



+ — / A -\/^T<9u; A 9</3 + — / V9w y A y/^-Ldu A <9<^ 



Using the definitions of £ w (9s) , -4* (y>) , y4. 2 (</?), we have A^((f) + A 2 ((p) = Au(ip) 
and hence (j3. 15[) holds. Similarly, we have B^ip) + B 2 (<p) = B^{ip) and 



w 2 3 'a4| A 5^3 



1- / _v=i3L£(2-j> 

1 /• 2 

— / -V=T8<pA V(2-j> 2 -^AwjA5v> 
^ Jx , „ 



1 

K J A 



/ ^T^^(2 - j)[(2 - jjw 1- ' A5wAo^ + ju 2 - 3 A w^ 1 A da;] A dip 



3=0 



J-£(2-i)/ v^T^ 
^ 7—: Jx 



A 9</5 A ui 2 ~ i A 



i=0 
1 



-^V(2-i) 2 / ^ 1 ~ i Aw^A(-V^l& 1 ;A ( 9^) + _L A ^ A {—\J-^TBuj A dip) 
._ n jx *4j jx 



i=0 
2 



^ z=0 J * 



+ 



Vu 



w JX 



93a; A (— V— 19w A 993) + — / A (—y/—lduj A dip). 

Jx 
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and hence 

(A.2) + F u (<p) + SBl(<p)-Bl(<p). 

Therefore (13. 15)) and (|3.19p together gives 

Vlj r-r Jx 



2 

,2-i 



'-WipAdipAw 1 Aw 1 



(A3) + gfeM ^M^M). ^^ , 

Appendix B. Solve the linear equations system 

In this section we try to solve the linear equations system (|3.25|) - (|3.32|) . Firstly 
we solve (|3.25p and (|3.29p as follows: (|3.25p and Q3.29P gives us the following equa- 
tions 

(B.l) -a\-- = a\ - 1, A(a\ - 1 



4 



2 — x, .± V u, 2 - t- 4 — a l , 



(B.2) |a?-i = al-1, i{a\ - 1) - \ = a\. 



Plugging the hrst equation into second equation in (|B.1|) . we have 



3 , 3 
-, a 2 = --• 



2 



3 2 1\ 1 

I" 1 "! -2 



which implies 
(B.3) 
Similarly, 

therefore 

m ^ 2 3 2 3 / 3\ 21 
Secondly, (|3^6]) and (fOP) implies 

(B.5) \b\-\ = b\-l, A{b\-1) = b\ -4, 

(B.6) §6?- J = fig-1, 4(6 2 2 -l) = + i 

The above linear equations system gives 



respectively. Hence 

._ . _ n 3 . n 
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Continuously, equations (|3.27|) and (|3.31[) shows that 



3 1 A 



0. 



3 1 

-di-d 2 = --, 4d 2 -di = 0. 



Eliminating c 2 and c? 2 respectively, we have 



4 ( t c i + ) - ci = 0, 4 ( ~d a + 1 ) - di = 



Thus 
(B.9) 

(B.10) 



ci 
di 



T, c 2 



1, 



1 

4 
1 

~4' 



Similarly, from (|3.28p and p.32j) we obtain 
3 



ei - e 2 = 0, 4e 2 



ei = 



/i-/ 2 =0, 4/ 2 -/j = - 



1 

2' 
1 

2' 



and hence 
(B.ll) 

(B.12) 



ei = /l = 
62 = /2 = 



1 

4' 
3 

16' 



2£» 



Appendix C. Explicit formulas of X^ Y (tp) and J^ Y {<p) 

In this section we give the explicit formulas of (ip) and J^ Y {ip)- Using 
constants determined in Appendix B, we have 

3 
3 

4K, jx 
9 f 

W U J X 



-^j- J puj A V — I3w A dip — — — j fuj ip A V — I9w A dip 



*u Jx 



ipuj A \J— ldui Ad(p + 



4U 



j^- | (pw^ A V^ldu; A <9<^ + — — j puJ v A y/—lduj A 9<£ 



'w J X 



ipuj A v^lSa; A dip + 



4U 



w JX 



u JX 



— — / ipuj A V^I<9w A dtp + — — / ipuj A V— 19a; A <9</? 
2VL jx 



2K, jx 



ipu> v A >/— 1<9cj A 9^3 + 



2K, ^ 



ipuj^ A V— 19a; A 9<^. 



Thus 
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Proposition C.l. One has 

# Y &>) = ± I p(^-^) 
Vu Jx 

— J puo v A v 7 — 19a; A dp — J ipuj A v 7 — T<9o> A dp 

+ / pu> v A V-ldw A 9</3 + [ ipu> A \/-lduj A dp. 

2V4 Jx 2V4 ix 

Similarly, we have 

J^{p) = -C%(<p) + ±- I P^ 

Vuj Jx 

+ lwJx^ h ^ ld ^ h ^'l{ 2 + ^^Jx^ vhV ~ ldUJh ^ 

3 i r _ 3 i r 

~ o T^rr I f^f A V-^du A dp + — — — / <pw v A y/-ldu A dp 

° ZV LU JX ° ZV U1 JX 

27 1 f , — „ ^ 27 1 



2V 



f — 27 1 f 

/ pu A v 7 — TSu; A <9</? + — — — / puj A \/— I9w A 9</3 
uii 8 2l4 



v u> Jx 



3 

2VL j x 
3 

2K,./\ 

So 



/ A v 7 — Tdw A 9^ + — ^- / A V— I9w A 9</j 
Jx 214, Jx 

[ pto v A v 7 — 19cj Adp + ( pui v A V— I9w A 9</j 
Jx 214, Jx 



Proposition C.2. One has 



— — jj- / vsa;^ A v 7 — 19a; A dp — f ipuj A v 7 — T<9o> A dp 
214 2\/ w Jx 

+ -^r- / ^w^, A \/—ldu Adp+ / i^o; A \/—ldcj A <9y>. 
2V4 Jx 214 Jx 
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